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Abstract : An attempt has been made in this papci io investigate analylii ally the 
disturbances produced in a pie/,o--quartz cantilever under the influence n! thiee dillcienl lichls, 
\7. , electrical, mechanical and theirnal The c.intilevcr is cniisuleied to have id  lam width, the 
upper and lower edges of which are Iree tioni load and the slnaring Imccs having certain 
resultant am distributed along ,v -- 0 The expression for the elcunc potential filiation is taken 
such that it is constant on \ -  l i  and ilso make the intensity -  0 along the length We icsiiiu 
ourselves to the ,vv plane and components of elastic displacements along t and \ dues lions have 
been illustrated
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The problem of investigating disturbances in piczo-clectric media under diflcicni inputs 
have been studied in the literature 11-4] from Ihc point of view  of circuit thcoiy Several 
other researchers ]5-9] have extended the work to find out the disturbances in pie/o-cleclric 
media. In most of the works on (he piezo-cicciricily, Lhcrc is a trend to extend the elastic- 
problems to corresponding piczo-clectric problems and mosl of I he workers have made use 
of classical solutions in purely elastic material. A particular area ot pie/o-clcctric problem 
is on bending of piezo-electric material and the problem of dislui bailees of piezo-quartz
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u m i i l c v e r  a r c  o f  u l m o s l  i m p o r t a n c e  t o  t h e  p h y s i c i s t s  a s  w e l l  a s  t o  t h e  E n g i n e e r s  f o r  v a r i o u s  
p r a c t i c a l  u s e s  in  t h e  f i e l d  o f  s c i e n c e  a n d  t e c h n o l o g y .
T h e  p r e s e n t  w o r k  is  c o n f i n e d  t o  s t u d y  t h e  d i s p l a c e m e n t  o f  a  c a n t i l e v e r  o f  
p i e / , o - c l e c t n c  m a t e r i a l  u n d e r  e l e c t r i c a l ,  m e c h a n i c a l  a n d  t h e r m a l  f i e l d s .  T h e  c a n t i l e v e r ,  in  
t h e  p r e s e n t  i n v e s t i g a t i o n ,  is  c o n s i d e r e d  t o  h a v e  c e r t a i n  w i d t h ,  t h e  u p p e r  a n d  l o w e r  e d g e s  o f  
w h i c h  a r c  f r e e  f r o m  l o a d  [ I O f — t h e  s h e a r i n g  f o r c e s  h a v i n g  c e r t a i n  r e s u l t a n t  a r e  d i s t r i b u t e d  
a l o n g  x  =  0 ,  W e  r e s t r i c t  o u r s e l v e s  t o  t h e  .xy p l a n e  a n d  f i n a l l y  t h e  c o m p o n e n t s  o l  c l a s t i c  
d i s p l a c e m e n t s  a l o n g  a a n d  v d i r e c t i o n s  h a v e  b e e n  i l l u s t r a t e d .  It i s  f o u n d  t h a t  t h e  
d i s p l a c e m e n t s  a r e  p a r t l y  l i n e a r ,  h y p e r b o l i c  a n d  e x p o n e n t i a l  i n  n a t u r e .
A s  p i c / o - c l c c t r i c i t y  is  e s s e n t i a l l y  t h e  i n t e r a c t i o n  o f  t h e  e l e c t r i c  a n d  e l a s t i c  f i e l d s  in  a  
c r y s t a l ,  w e  m u s t  t h e r e f o r e ,  d e f i n e  t h e  e l e c t r i c a l  a s  w e l l  a s  t h e  e l a s t i c  s t a t e  o f  t h e  c r y s t a l  a n d  
s p e c i f y  i t s  e l e c t r i c a l  s t a t e  b y  t w o  v a r i a b l e s — t h e  e l e c t r i c  f i e l d  E  a n d  t h e  e l e c t r i c  
d i s p l a c e m e n t  / )  a n d  w e  s p e c i f y  n s  e l a s t i c  s t a t e  b v  t w o  c l a s t i c  v a r i a b l e s — t h e  s t r e s s  T  
a n d  t h e  s t r a i n  S R e f e r r e d  t o  a  r e c t a n g u l a r  s y s t e m  o f  a x e s  A', Y. Z ,  t h e  c o m p o n e n t s  o f  t h e  
e l e c t r i c  f i e l d  a n d  t h e  e l e c t r i c  d i s p l a c e m e n t  a r e  s u p p o s e d  t o  b e  £ , ,  D, (i = 1 - 3 ) .  D e n o t i n g  
t h e  e l a s t i c  s t r e s s  a n d  s t r a i n  c o m p o n e n t s  b y  Tr S, (i = 1 - 6 )  r e s p e c t i v e l y ,  t h e  s t r e s s  e q u a t i o n s  
o l  m o t i o n  a r e
<)T\ a 1"
i)\
+
r): ’  p l t 1 '
'> i \ t7 l\ i)-V
■ + — - + — n -----
~,h' d\ 'f ir '  d r  '
fJ L i d~ vr
l b
+
+  "rh r): =  P ~dr
u h e i e  p  is t h e  m a s s  p c i  u n i t  v o l u m e  a n d  u. v, w a r e  t h e  c o m p o n e n t s  o f  e l a s t i c  d i s p l a c e m e n t  
In  f r e e  s p a c e ,  t h e  e l e c t r i c  d i s p l a c e m e n t  D, s a t i s f i e s  t h e  G a u s s ' s  d i v e r g e n c e  e q u a t i o n
<n\rin, ()n,
d i v  / )  =  — 1 +  — - 
rl\ rh (k
= 0 (2)
T h e  l i n e a r  p u v o - e l e c t i i c  c o n s t i t u t i v e  r e l a t i o n s  b e t w e e n  7 .  S, E  a n d  D  w h i c h  d e s c r i b e  t h e  
i n t e r r e l a t i o n  a m o n g  th e  e l e c t r i c a l  a n d  e l a s t i c  v a r i a b l e s  f o r  p i c i o - c l c c l r i c  m a t e r i a l s  a r e
^  -  X  v ,
i i
H X V , '
11 ro _y
i O' ( 3 )
li
M +  X  P P r 1 =  1. 2 .  3. ( 4 )
i -i
w h e r e  t h e  c o n s t a n t  Sr!f ( ~ Sjr ) is t h e  e l a s t i c  c o m p l i a n c e s  a t  c o n s t a n t  e l e c t r i c  f i e l d  s t i c n g t h  E ,  
/,, -  d„ i s  t h e  p i e / o - e l e c t n c  s t r a i n  c o n s t a n t  w h i l e  ( = t , /( ) is  t h e  d i e l e c t r i c  p e r m i t l i v i i y  at  
c o n s t a n t  s t r e s s .
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Besides these, we have the relations connecting the strain components and 
displacement components given by
Bu Bv Bw
Sl = * • 52 = v Sj. =
Bw Bv Bu Bw Bv Bu
S4 ~ + s5 -  ~r + T ’ = — + ~r~•By Bz Bz Bx ’ Bx By
(5)
(6)
Jn deriving the plane equations, we restrict ourselves to the xy plane and we represent the 
stress components by
(7)
(8)
B2<p B20 B2&
T' -  w  h  '  a ? -  T‘ ■ * * •  r '  ■ r - ■ ■  "■
where (f> is the stress function. The components of electric field are represented by
BV BV
where V is the electric potential function.
For plane problems, we assume the piezoelectric relations to be
S\ ~ sM f  1 + '12 7 2 + (h l^i +
S2 = s& \ + s{\T2 -  </,,£, F like,
S, = 2(>e - 4)T„ - 2dnE2,
D\ ~ d\\{7\ -  A) + e{\E\ +
D2 =-2duTb+eiiE2+pj9,
where pL\\ are the thermo-elastic compliances at constant electric field strength /:, ps's 
are the lhcrmo-pie/o-clcctric moduli at constant stress and 0is the input temperature. From 
eqs. (7)--(9), we get
(9)
B2V B2V
+ !p~
<?> <?y '
<9aj  B \2Bx
Be Be
—  ( 10)
Here we choose 6 111 ], tnc temperature input as a linear function of a and y as 
e = e() (,-<*» + P-P').
where a  and j9 are arbitrary constants. Eq. (10) becomes
B2V B2V du ( B}<j)
Bx2 By2 eu Bx3
' - T -BylBx *P ,ae-m ). MO
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For the problem of cantilever of width 2c, the upper and lower edges of which are free from 
load and in which the shearing forces having a resultant P, are distributed along the x = 0, 
we assume for 0 [7,8,101 as
0 = Axy* + Bxy\
where the constants A and Pare to be determined from the mechanical boundary conditions 
referred to above, viz.,
+r
N ,  __±J = 0 and - \ T 6dy = P.
Applying boundary conditions we get,
0 = -  PI 4c3(jry3 -  3c2 a t ) (12)
A form of V for which Lhe electrical boundary condition can be reasonably satisfied [8], is 
given by
V = V'nvC.v2 -'--2)- (I A)
The expression for V leads to the condition that the potential is constant on y = ± c and also 
makes E\ -  0 along the length. The constant Vo is determined from the cqs. (11) and (12) as 
d 0
V0 = —  (~ P /4 c ')  + + p,ae-m ). (14)
6 v v
The expression for V becomes 
V = —  ( - P / 4 r 3) + + Piae-ay) y(y2 ~ c 2 ). 0 5 )
We gel from cqs. (7) and ( 12)
3 P
Tt = d20 ! d y2 ~ -  — -xy, T2 = 0, 
2c
Tf, = -  d2Qldydx = -  —^ ( c 2 - y 7).
4 c
(16)
Finally, to calculate the displacement components (w.v), we start with the eqs. (9) and (5), 
namely,
du 3P
— .v,V.V + +e p' ), (17.1)i)x 2 c-'
dy
r)v t)u
<*■ 3 P
—  = -  — v',.rv + p ^ e a(e-,u + e ft'), (17.2)
3 P
<9.v <9v - 2(.v,f| - - y 2) -  2d|2! ( - p i  4c3 )(3>’2 - c 2)l en4 r '
-  KPe P 'iy2 - c 1) + (Ke-P'+Le~ax)2y. 
where K (= r/,, 0()p 2[) / 3) and /, (= d u 0 Qp l oil 3) arc constants.
(17.3)
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Integrating eqs. (17.1) and (17.2) we get,
3P
“ = "  + I a  + e-^x)  + /(y),
3 P
v  ~  ~  p W 2 +  f l f a i e - n y - e - l * '  I p )  +  f ( x \
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(18.1)
(18.2)
where fix') and/(y) are functions of .r and y respectively. Differentiating eq. (IK 1) with 
respect toy and eq. (18.2) with respect to , and summing and using eq. (I7J) wc gel
du ch’ 3 p
+
dy dx i? 'lV ‘ * * * T  * T  - £ * > •
df(y) 3 P
dfix)
1*2%  y —  +
a  dx
3 P
2{s" ~ -  y2) -  2dn (~P / 4c' ')(3y2 - r 2) /e n
-  K/ie 0' (y2 - c 2 ) + (Ke-P' + Is  «< )2.v.
which can be written as
df(x) 3 P
dx
df(y) 3 P 
dy
•f-.r* =
i- 2C3 S^ 2 2V ~ 7 ~ T 2y2 + ^ ^ ' ( v 2 - c 2) - Ke P'eu 4c 2y = e,
where m and e are functions of ,  and y respectively. 
Integrating again, we get
P
x )  =  2 ^ J sf i x 3  +  \ m d x  +  / i,
= 2?
s£ + —■yi i +  
e\ \ )
-  Ke P}{y2+c2) + \ed\ + £,
y
n t h  h T l T  the integratmg COnStantS- Put,ing the Values °0 W  and/(V) into the eqs 
■ ) and (18.2), we get the components of elastic displacement u and v as
3 P
“ "  ” p - ' i V 2.'- + / t f 0o
 ^ c _ /> f
-------- + e~Pyx + ---—
“  J 2  c 3 V
d \ A P2^J (y2 + c2) / 3 + jedy +
c£ ~,2
^  + - V
*11)
+ s. (19)
i + Jm<i* + h. (20)
X : ; , : : - (2 0 )  8 iV e th e  COmp° nentS 0 f  e la s t ic  d is P>“ n. a lo n g  *  and y d irection
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The variation of the component of the elastic displacements along x and v directions, 
have been shown in cqs. (19) and (20) respectively. As the term e is a function of y, so the 
expression jedy in eq. (19) contains y-term only. We have investigated the variation of the 
component of the clastic displacement u along a- direction, keeping v as constant, so the 
term jedy in eq. (19) will behave as a constant part. Similarly, the term m is a function of a , 
so the expression \mdx in eq. (20) contains only A-term and it will give a constant 
contribution in the variation of the component of the elastic displacement v along y 
direction, keeping the value of a  as constant. It is found from eqs. (19) and (20) that both 
the disturbances consist of sonic linear, hyperbolic, exponential and constant part with 
different coefficients
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